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Let A be a finite idempotent algebra. We present here the program
used by UACalc to calculate upper and lower bounds on typ(V (A)),
the TCT type set of V (A). Let

S∗ = typ(S(A))

S = typ{B ∈ HS(A) : B is strictly simple}
T = typ(A)

U = S ∪ T

By basic Tame Congruence Theory we have S ⊆ S∗. Lemma 2.3 and
Theorem 6.3 of [2] show how to compute S very quickly. On the other
hand computing S∗ might be exponential in time.

The Prorgram:

(1) If T = {1} then typ(V (A)) = {1}.
(2) If T = {1,2} then typ(V (A)) = {1,2}.
(3) If T = {2},

(a) if 1 ∈ S then typ(V (A)) = {1,2}.
(b) If not, then typ(V (A)) = {2}.

(4) If 1 ∈ U then U ⊆ typ(V (A)) ⊆ {1,2,3,4,5}.
(5) If 5 ∈ U ,

(a) if 2 ∈ U , then U ⊆ typ(V (A)) ⊆ {2,3,4,5}.
(b) If not, U ⊆ typ(V (A)) ⊆ {3,4,5}.

(6) If 3 ∈ U then typ(V (A)) = U .
(7) If V (A) is congruence modular, then typ(V (A)) = S∗.
(8) Otherwise, U ⊆ typ(V (A)) ⊆ U ∪ {3}.

Justification. The main tool is Valeriote’s less-equal theorem [5]; see
Proposition 2.1 of [2]:

Theorem 1. If i ∈ typ(V(A)), A idempotent, then there is a j ∈ S
with j ≤ i under the usual ordering of types: 1 < 2 < 3 and 1 < 5 <
4 < 3.
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Items (1), (2) and (3) use the following result of Hobby and McKen-
zie; see Proposition 3.1 of [1].

Theorem 2. Let A be finite. Then

(1) If T = {1} then typ(V(A)) = {1}.
(2) If T ⊆ {1,2} then typ(V(A)) ⊆ {1,2}

Item (7) uses the following which follows from the results of [3]; see
also [4].

Theorem 3. If A is a finite algebra in a congruence modular variety,
then typ(V(A)) = S∗.

The algorithm pushes finding S∗ as far down as possible since it can
be exponential time. Of course we could skip that step and the result
would be slightly weaker but still correct. Notice that if we get to (8),
U = {4} or {2,4} and the only question remaining is “is 3 also in
typ(V (A)).”
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